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Sum formula for double Eisenstein series

Theorem : Sum formula for double zeta values

For 𝜁(𝑟, 𝑠) = 􏾜
𝑚>𝑛>0

1
𝑚𝑟𝑛𝑠 , with 𝑟 ≥ 2 and 𝑠 ≥ 1, we have

𝑘−2
􏾜
𝑖=1

𝜁(𝑘 − 𝑖, 𝑖) = 𝜁(𝑘),
𝑘−2
􏾜
𝑖=1

2𝑘−𝑖𝜁(𝑘 − 𝑖, 𝑖) = (𝑘 + 1)𝜁(𝑘).

Theorem : Sum formula for double Eisenstein series

For double Eisenstein series 𝐺𝑟,𝑠(𝜏) = 􏾜
m,n∈ℤ𝜏+ℤ

m≻n≻0

1
m𝑟n𝑠 , 𝜏 in the upper

half-plane, we have

𝑘−2
􏾜
𝑖=1

𝐺𝑘−𝑖,𝑖(𝜏) = 𝐺𝑘(𝜏),
𝑘−2
􏾜
𝑖=1

2𝑘−𝑖𝐺𝑘−𝑖,𝑖(𝜏) = (𝑘 + 1)𝐺𝑘(𝜏).
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Sum formula for double Eisenstein series of level 2

Theorem (Kaneko-Tsumura) Sum formula for double 𝑇-values

For 𝑇(𝑟, 𝑠) = 􏾜
𝑚>𝑛>0

𝑚∶ even, 𝑛∶ odd

4
𝑚𝑟𝑛𝑠 , 𝑟 ≥ 2 and 𝑠 ≥ 1, we have

𝑘−2
􏾜
𝑖=1

2𝑘−𝑖−1𝑇(𝑘 − 𝑖, 𝑖) = (𝑘 − 1)𝑇(𝑘).

Remark

Use notation 𝜁eo(𝑟, 𝑠) = 􏾜
𝑚>𝑛>0

𝑚∶ even, 𝑛∶ odd

1
𝑚𝑟𝑛𝑠 and 𝜁o(𝑘) = 􏾜

𝑛>0, odd

1
𝑛𝑘 by Kaneko

and Tasaka, we have

𝑘−2
􏾜
𝑖=1

2𝑘−𝑖𝜁eo(𝑘 − 𝑖, 𝑖) = (𝑘 − 1)𝜁o(𝑘).
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Sum formula for double Eisenstein series of level 2

Definition (Kaneko-Tasaka)

𝐺eo
𝑟,𝑠 (𝜏) ∶= (2𝜋𝑖)−𝑟−𝑠 􏾜

𝜆>𝜇>0
𝜆∈ev⋅𝜏+ev
𝜇∈ev𝜏+od

1
𝜆𝑟𝜇𝑠 (𝑟 ≥ 3, 𝑠 ≥ 2).

𝐺o
𝑘 (𝜏) ∶= (2𝜋𝑖)−𝑘 􏾜

𝜆>0
𝜆∈ev⋅𝜏+od

1
𝜆𝑘 .

GOAL
𝑘−2
􏾜
𝑖=1

2𝑘−𝑖𝐺eo
𝑘−𝑖,𝑖(𝜏) = (𝑘 − 1)𝐺o

𝑘 (𝜏).
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Sum formula for double Eisenstein series of level 2

Theorem (Kaneko-Tasaka) 𝑞-expansion of level 2 double Eisenstein se-
ries

𝐺eo
𝑟,𝑠 (𝜏) = ̃𝜁eo(𝑟, 𝑠) + 𝑔eo

𝑟,𝑠 (𝑞) +modified term for (𝑟 = 1, 2, 𝑠 = 1)

+ 􏾜
𝑝+ℎ=𝑘

𝑝>1

􏿼􏿶(−1)𝑠􏿶
𝑝 − 1
𝑠 − 1

􏿹 + 𝛿𝑝,𝑠􏿹 ̃𝜁o(𝑝)𝑔e
ℎ(𝑞) + (−1)𝑝+𝑟􏿶

𝑝 − 1
𝑟 − 1

􏿹 ̃𝜁o(𝑝)𝑔o
ℎ (𝑞)􏿿 ,

𝐺o
𝑘 (𝑞) = ̃𝜁o(𝑘) + 𝑔o

𝑘 (𝑞).

where 𝑔e
𝑟 (𝑞) = (−1)𝑟

2𝑟(𝑟 − 1)!
􏾜

𝑢,𝑚>0
𝑢𝑟−1𝑞𝑢𝑚, 𝑔o

𝑟 (𝑞) = (−1)𝑟

2𝑟(𝑟 − 1)!
􏾜

𝑢,𝑚>0
(−1)𝑢𝑢𝑟−1𝑞𝑢𝑚,

and ̃𝜁∗∗(𝑟, 𝑠) = (2𝜋𝑖)−𝑟−𝑠𝜁∗∗(𝑟, 𝑠) , ̃𝜁∗(𝑘) = (2𝜋𝑖)−𝑘𝜁∗(𝑘).
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Outline of the proof

1. Use some binomial coefficient identities to get

𝐿𝐻𝑆 =
𝑘−2
􏾜
𝑖=1

2𝑘−𝑖𝜁eo(𝑘 − 𝑖, 𝑖) + 4
𝑘−2
􏾜
𝑖=1

𝑖∶ even

̃𝜁o(𝑖)𝑔o
𝑘−𝑖 +

𝑘−2
􏾜
𝑖=1

2𝑘−𝑖𝑔eo
𝑖,𝑘−𝑖

 𝑅𝐻𝑆 = (𝑘 − 1)( ̃𝜁o(𝑘) + 𝑔o
𝑘 (𝑞)) +modified term

2. Express ̃𝜁o(𝑗) as (1 − 1
2𝑗 ) ⋅ (− 1

2 ) ⋅ ( 𝐵𝑗
𝚥! ), and then apply the properties of

Bernoulli numbers and Bernoulli polynomial.
3. For a fixed 𝑛, we compare the coefficients of 𝑞𝑛. 　 One key is a
combinatorial identity (by Liouville) and its generalization and variants.

􏾜
(𝑎,𝑏,𝑥,𝑦)∈ℕ4

𝑎𝑥+𝑏𝑦=𝑛

(𝑓(𝑎 − 𝑏) − 𝑓(𝑎 + 𝑏))

= 𝑓(0)(𝜎(𝑛) − 𝑑(𝑛)) + 􏾜
𝑑∈ℕ
𝑑∣𝑛

􏿶1 + 2𝑛
𝑑 − 𝑑􏿹 𝑓(𝑑) − 2 􏾜

𝑑∈ℕ
𝑑∣𝑛

⎛
⎜⎜⎜⎜⎜⎝

𝑑
􏾜
𝑣=1

𝑓(𝑣)

⎞
⎟⎟⎟⎟⎟⎠ .
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Thank you for listening.
ご清聴ありがとうございました。
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