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Sum formula for double Eisenstein series

Theorem : Sum formula for double zeta values

1 .
For C(r,s) = Y, ——, withr>2ands>1, we have
m>n>0

k=2 k=2
D Ck—i, ) =Ck), D 2Tk~ i i) = (k+ 1K)

i=1 i=1
Theorem : Sum formula for double Eisenstein series
For double Eisenstein series G, (1) = 2 ——, T in the upper
mneZt+7Z. I
m>n>0
half-plane, we have
k=2 k=2
D Gii(1) = Gr(), D 26Gry (1) = (k +1)Gy(x).
i=1 i=1
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Sum formula for double Eisenstein series of level 2

Theorem (Kaneko-Tsumura) Sum formula for double T-values

4
For T(r,s) = ) ——,r>2ands>1, we have
m>n>0 mn

m: even, n: odd

k-2
¥, 26Tk - i, i) = (k= )T (k).
=il
Remark
1
Use notation ¢e°(r,s) = D and Z°(k)= ), — by Kaneko

7115
m>n>0 Ui n>0, odd
m: even, n: odd

and Tasaka, we have

k-2
3 271C0k - i) = (k = 1)C(K).
i=1
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Sum formula for double Eisenstein series of level 2

Definition (Kaneko-Tasaka)

1
Go(r) = @mi)™ Y —— (r=3,522).
A>u>0 A H
Aeev-t+ev
u€evi+od

Gp(1) = mi)y* ] 1

A>0 Ak
Acev-t+od
GOAL
k-2 ]
D 28GR (1) = (k- 1)GR (7).
i=1
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Sum formula for double Eisenstein series of level 2

Theorem (Kaneko-Tasaka) g-expansion of level 2 double Eisenstein se-

ries

GE2(1) = C°°(r, s) + ge2(g) + modified term for (r =1,2,s = 1)

_ —1\_
+ ) {(( 1)5( 1)+5p,s)C°(P)gﬁ(‘1)+(—1)’“”(;:_ 1)C°(P)8ﬁ(‘7)}r

p+h=k
p>1
Gp(g) = C°(k) + 8R(@)-
e (_1)r r—1 um ( 1)r U4, T— um
where g7(q) = 7 -1) E .87 () = 7 =1)! E (1) u g m,

*u,m>0

and C*(r,8) = i) "5C*(r,s), T'(k) = Qmi)™*C* (k).

S um>0
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Outline of the proof

1. Use some binomial coefficient identities to get

k-2 k=2 k=2
LHS = Y 2¢ceo(k—ii)+4 3, ToG)gp,+ 2,2'g5e,
i=1 i=1 i=1

it even
RHS = (k-1)(C°(k) + gP(q)) + modified term

2. Express Z°(j) as (1 - %) . (—%) . (%), and then apply the properties of
Bernoulli numbers and Bernoulli polynomial.

3. For a fixed n, we compare the coefficients of g*.  One key is a
combinatorial identity (by Liouville) and its generalization and variants.

Y (fa-b)~fa+b)

(a,bx,y)eEN*

ax+by=n
%) d
= f(O)(0(n) ~d(m) + (1 o d) f@-2y [2 f(v)].
i Fi
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Thank you for listening.
CHEHEDLONE DTS EL T,
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