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Classical MZV & finite MZV

MZV

ζ(k1, . . . , kr) =
∑

m1>···>mr>0

1

mk1
1 · · ·mkr

r

∈ R .

Z : the Q-vector space of MZVs,

Zk ⊂ Z : Q-subspace of weight k MZVs.

Finite MZV

ζA(k1, . . . , kr) =

( ∑
p>m1>···>mr>0

1

mk1
1 · · ·mkr

r

mod p

)
p prime

∈ A =

∏
p prime

Fp⧸⊕
p prime

Fp
.

ZA: Q-vector space of finite MZVs,

ZA
k ⊂ ZA: subspace of weight k finite MZVs.
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Kaneko-Zagier conjecture & relation to cusp forms

Conjecture (Kaneko-Zagier)

There exists an isomorphism of Q-algebras

ZA −→ Z/π2Z
finite MZV of depth r 7−→ MZV depth r − 1

Proposition/Conjecture (Gangl-Kaneko-Zagier, 2006)

Cusp forms of weight 2(a+ b+ 1) give (conjecturally all) relations among ζ(2a+ 1, 2b+ 1).

Example:

∆ ⇝ 168ζ(5, 7) + 150ζ(7, 5) + 28ζ(9, 3) ≡ 0 (mod π2Z)

Question

What are the corresponding relations among depth 3 finite MZVs?
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Modular forms and finite MZV

Observation (Kaneko-Zagier)

The relations among ζA(2a, 1, 2b, 1) seem to correspond to cusp forms of weight 2(a+ b+ 1).

Example:

∆
?
⇝ 16ζA(2, 1, 8, 1) + 9ζA(4, 1, 6, 1) + 18ζA(6, 1, 4, 1)− 2ζA(8, 1, 2, 1) = 0 .

This might lead to an answers of the previous question because of the following theorem.

Theorem (R, 2024+)

For even k ≥ 4,

Fildep4 ZA
k = Fildep3 ZA

k .

Fildepd ZA
k : subspace finite MZVs of weight k and depth ≤ d.
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Modular forms and finite MZV

Conjecture (Formal analogue of Kaneko-Zagier conjecture in depth 2 - R., 2024+)

For even k ≥ 4 there exists an isomorphism of Q-algebras

Fildep4 Fk −→ Dk
/
Pk

.

Fildepd Fk : the space of formal finite MZVs of weight k and depth ≤ d.

(Spanned by symbols ζfA(k1, . . . , kr) satisfying conjecturally the same relations as finite MZV)

Dk : the formal double zeta space as introduced by Gangl-Kaneko-Zagier.

(Spanned by symbols Zk , Zr,s, Pr,s satisying the double shuffle relations)

Pk : the formal analog of π2Z in depth 2 defined by

Pk =QZk + QZ1,k−1 + ⟨Pr,k−r : r even⟩Q.
”ζ(k)” ”nonadmissible” ”ζ(2a)ζ(2b)”
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Modular forms and finite MZV

Proposition (R., 2024+)

For even k ≥ 4,

dimQ
Dk
/
Pk

=
k

2
− 2− dimC Sk.

Conjecture (R.)

For even k ≥ 4,
dimQ Fildep4 Fk =

k

2
− 2− dimC Sk.

Moreover,
Fildep4 Fk =

∑
a,b≥1

2(a+b+1)=k

QζfA(2a, 1, 2b, 1) =
∑
a,b≥1

2(a+b+1)=k

QζfA(1, 2a, 2b+ 1).

Conjecture ⇒ There are dimQ S2(a+b+1) relations among ζfA(2a, 1, 2b, 1) (resp. ζfA(1, 2a, 2b+ 1) ).
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