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Multiple zeta values(MZVs)

Definition

Multiple zeta values is a real number defined by

1
C(k17"'7kd): Z ﬁ7

O0<m<--<ng M " Ny

where ki, ..., kg 1 € Z~o, kg € Z~1.
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Definition

For ag, ..., akr1 € C with ag # a1, ax # ax.1, and a piecewisely smooth
path v : [0,1] — C from ag to aki1 such that
v((0,1)) c C\ {a1, ..., ak}, we define

Iy(ao; a1, - - ., ak; akt1)

by the iterated integral

0<ts<-<ty<l ’Y(tj *31

Jj=1

Remark (Iterated integral expression)

Ckey .. k) = (=1)91(0; 1, {0}~ ... 1, {0}k 1o 1),
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Yamamoto's integral

For p,q,a,b,c,d € C

L(X) =1, c
/ AN
a b

=l,(p;a,b,c,d;q) + I,(p; b, a, c,d; q).
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Motivic iterated integrals

Let P be the Q-algebra of the ring of periods of mixed Tate motives over
Q. Brown defined the motivic iterated integrals
/m

M(a0; a1, - - -, ak; akr1) € P.

It is known that there is a ring homomorphism called period map, which
is onto and speculated to be injective.

per : P — C
Ify“(ao;...;akﬂ) — Iv(ao;...;akﬂ)
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Motivic version of Yamamoto's integral

Motivic version of Yamamoto's integral /1"(X) is defined by

ij'“(x) = ZYETot(X) ,;n(y)
1 d
IW(X) = ZYGTot(X) I’Y(Y)

where Tot(X) is the set of all totally order which we need to consider.
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Coaction on P

Let 7 : P — A :=P/(27i)P be the natural projection to its quotient.
By the theory of mixed Tate motives, there is a natural motivic coaction
A:P — A®P. Goncharov proved the coproduct formula of motivic
iterated integrals, and Brown proved its coaction version.

Theorem (Goncharov)

A(I;n(ao; al, ..., ak ak41)) =

k s
a o o m o B
g g H 1%(ai,: @ipt1s - - Bipyr—15 3ipya ) ® 17 (3003 Al - -+ 33 Ay )-

5=0 ig<:++<ist1 p=0
io=0
is+1=k+1
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Infinitesimal coaction

It is known that A = @, ., Ak has a structure of graded algebra. Let
7 A— £:=A/A%,. be the natural projection to its quotient, where
Aso is @~ Ak Brown also proved the infinitesimal coaction D, which
is given by the following formula.

Definition
For r € N, the infinitesimal coaction D, : P — £ ® P is defined by
D, (1 (a0; a1, - - -, ak; ak+1))
k—r
[
= Z I'(as; ast1, - - 3stridstri1)
s=0
®I’ryn(ao; a1, ...,8s,8s4r41;- -+ ak; ak+1)
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Main theorem

Main Theorem 1 (F.)
Z Z I(Pq Y)®Im( p,Y,q) )

YEX, p—3xY
Y is irr. g5 Y

Main Theorem 2 (F.)

This formula requires some conditions related to Y.

AY(/“T(X)) = H I(C;vz;qz)(z) ® /;H(X?)‘
ZECX(Y)

\
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Examples of Theorem 2

Let us calculate

Al /ﬁ \\

using Theorem 2. By definition of motivic version of Yamamoto's
integral, we have

A(/m(X)) :i (n — + m) A(I‘“(O; 1, {0}/, 1, {O}(nfi)erJrl; 1))

; n—1
i=1

m

ntm-j m(Q: i n+(m—j)+1.
+Z( L) Ao (o1 oy )
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Examples of Theorem 2

First, using the basic properties of motivic iterated integral, it is easy to
show the formula

(04011, (0)1) = (-1 (T P)ena 4 b ),

and using () = (".') + (,Z}). it is easy to show the formula

i " m i\ (1)
Syt () = o

k=0

Motivic iterated integrals have the following property
I™(0;0;1) =1™(0;1;1) = I™(a; a1, ..., ak;a) = 0. (k > 1).
Next, using the remark of coproduct to have

A(I™MX) = D Av(I™(X)).

YCcX
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Examples of Theorem 2

Finally, using Theorem 2 and the formula in the previous page. We have

({7 )

=Y Ay(I™(X))

YCcX
—10M™X)+/*(X)1

n

|
N

+) (=170; 1, {0} 1) @ 1™(0;1,{0}"7"; 1)

I

2
+ ) (=1Y1%(0; 1, {0}y 1) @ 1™(0; 1, {0} " 1),

3
|

.
Il
o
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Thank you for your attention!
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