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Bhargava Factorial

The Bhargava factorial over S, denoted klg, is
defined as

kis =] w(S. p).

p
In particular, for S = Z we obtain

kiz = [ wp(k!) = T pP*) = k1.

peP peP
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g-analogue of Bhargava factorial

q“—1
LetSG{ 1:kEN}inthering
q_

Clq, g ] where [k]q = qq_ where k! is the

Bhargava factorial given as

Kls=(q—1) ("= 1)(¢" " = 1)+ (g - 1)
= [k]q! - [k]q[k - 1]q T [1]q
(¢ =1)(¢" ' —1)---(¢ - 1)

(g—1)---(g—1)x °
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relation to g-analogue

the following binomials easily follow:

[n]s! := nls,

[n] _ [n]s! _ nls
k 5. [k]s![n—k]sl . k!5(n— k)!s'
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Bharagava Binomials

Definition (Exponential)
The generalized exponential function associated

to an infinite subset E of Z is defined by

+ool

expe (x) = Z kak,

k=0

for k > 0, k! divides k!¢ and this function
converges everywhere.
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Bhargava exponential

Definition (Cont.)

The generalized Euler number associated with E
is given by
+00 1
ee=expe(1) =)
k=0 " E
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Bharagava Euler exp.

Definition (Bernoulli numbers)
The generalized Bernoulli numbers Bg
associated to an infinite subset E of Z is defined
by

X R Bex

expr (x) —1 “— ki '

In particular, 1 < e < e and Mingarelli showed

that eg is always irrational.

v
~
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Bhargava factorial for set of prime

Definition (Factorial sequence of the set

of prime numbers)
Let p be prime, the Bhargava factorial for a set

of prime P can also be computed using the
following:

. { k—1 ‘

wp (k) iz0 —1)p'

ko =]p =" =T]p P~ 1P |
iGP peP
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Adam et al. defn of Bhargava

equivalently we have, klp = kle®<+°(k) where
In p
C = ZpEP ( 1)2

From this we obtain the formula:

1,01, 1
§ :— lxt -
expp (x R U VAT
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Bernoulli associated to [P

specifically, g < ep < e.
From the definition 1, we have the Bernoulli
numbers associated with P (Bp ,) :

“+00

expp(x) —1 " —0 ke
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Few Values of Bernoulli number to

P

by induction one can easily find, Bpg = 1 for
every k > 1 and er(:o [kfl] pBe, = 0 Following
this , the first values of the Bernoulli number
associated to set of prime IP is given as:

1 5 5
Bpo—1, Bp;——=, B Bps — —>
P,0 ) P,1 27 P2 — 12 P,3 2
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Generalized Bernoulli polynomials

The generalized Bernoulli polynomials associated
to E € Z is defined by the power series:

xexpE yx
B
opr (x Z exly

We easily deduce the kth Bernoulh polynomial
associated to E € Z as:

r

Tk
Bek(Y) = [ ] Be, Y* "
£
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Theorem

Theorem (Adam et al.)

For every k,

k—1
k
Bp x(Y)—Bp«(0) = [ ] Bp, Y " € Z[Y],
P

r

I
o

r

(r+ 1)']}»

whenever,
r !]p

0<r<k.

divides [kfl] . for
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Few values of Bernoulli poly.

From the theorem above we can have the first

few Bernoulli polynomials associated to PP:

Q Bpi(Y) =
Q@ Bpo(Y) =
Q@ Bps(Y) =
Q Bpu(Y) =

1
y - Z
D’ :
Y2 Y+ =
UETS :
Y3—6Y2+5Y—§,
103
Y4 _—Y34+5Y2_5Y 4+
i 20"

One can go on to list several examples.
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Zeta Functions

The Riemann zeta function has always been
concept of great study. It is defined as the series

1 1 1 1 1
g(s)zzns Rl e
n=1

for complex s. The series is convergent
whenever Re(s) > 1. This is related to prime
numbers as follows:
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g-analogue of the Riemann zeta
function

Kaneko et al. studied the g-analog of the
Riemann zeta function

X _k(s—1)
k=1 q

They found that for 0 < g < 1, as a function of
(s,t) € C?, f,(s,t) is continued
meromorphically via the series expansion of

fo(s, t
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Theorem

. Bm—l—l
I —m) = — .
c;?f Cq( m) m-+1

for each non-negative integer m,

Theorem[Kaneko et al.|
For any s € C, s # 1, we have

lim (4(s) = ((s).

qtl
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Bradley and Zhao

Definition (multiple g-zeta values)

Let m be a positive integer and let sy, s, ..., s,
be real numbers with s; > 1 and s; > 1 for

2 < j < m. The multiple g-zeta function is the

nested infinite series:

-1)

Collsty -+ 5m] = Z H"J ,
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Cont'd

where the sum is over all positive integers k;
satisfying the indicated inequalities. As

Iim1 Calst, - sm) = Cols1,- -+ ,sm)  (2)

q—
0 1
T Zk1>---km>0 H ksj
J
we obtain the usual multiple zeta value.
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Cont'd

Definition (g-Shuffle product)

For integers s, t > 1 we have

Cqals)Cq(t) = Cqls, t) + Cq(t, 5) + Cols + 1) (3)
+(g —1)G(s +t— 1),

when limg1 Gq(s)Cq(t) = C(s)¢(1).
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Main Theorem
Let Int(E,Z) = {f € Q[X]|f(E) C Z} be the

ring of integer-valued polynomials on a subset E

of Z.
© For every integer k > 0,

. Br ki1
lim C (—k) = —— £kt
c;?f Ca—k) k+1

where Bf x is the generalized Bernoulli

polynomial associated to E C Z.




Theorem cont'd

If we put P to be the set of prime numbers, and
we define the Bernoulli associated to IP we obtain

. Bp ki1
lim Cy(—k) = ——2ktL
méq( ) k+1

Francis A. Howard 22 /27



Theorem Cont'd

©Q Let my, my be two non-negative integers
and k = my + my + 2. Then ((s1, s) has
indeterminacy at (—my, —my) such that
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Theorem Cont'd

C(=m1, —mp)q == (1—q)* ™

(-1)"
8 { (i 1)(mz+1)(log 0)?

N Z (_1)r—|—m2—|—1 [ml] .
r=0 (m2 n 1) logg' " Egmtl-r_q
- (_1)r+m1+1
+ _
erO IOg q
Xmllg (m2+1—r)!5[m1} 1
(k—l’)!E r Eqm1+1—r_1
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Theorem Cont'd

e[,

r=0 r=

1 1
X qm2+1—r2 _ 1qk—r1—r2 _ 1
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J. Zhao

For non-integers m; and my, the following
results holds for E = Z:

lim ¢(—k, —r) == ((s1, %)

q1l

where
n nlg

k] . Ke(n—K)g

is the generalized Bhargava factorial.
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Thank you for your attentioin
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